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Abstract
The field space entanglement entropy of a quantum field theory is
obtained by integrating out a subset of its fields. We study an in-
teracting quantum field theory consisting of massless scalar fields on
a closed compact manifold M . To this model we associate its Lif-
shitz dual model. The ground states of both models are invariant
under constant shifts. We interpret this invariance as gauge symme-
try and subject the models to proper gauge fixing. By applying the
heat kernel regularization one can show that the field space entangle-
ment entropies of the massless scalar field model and of its Lifshitz
dual are agreeing.
1 Introduction
In quantum physics the entanglement entropy is a powerful and intriguing
observable (for reviews see [1, 2]) and has become the subject of intensive in-
vestigation during the last decade. Entanglement entropy provides valuable
insight in condensed matter physics (for reviews see [3, 4, 5, 6]), quantum
field theory (for reviews see [7, 8]) and black hole theory (for reviews on
1
holographic entanglement see [9, 10, 11]).
Geometric entanglement entropy measures the entropy of a spatial subsystem
after tracing out the environment. Only rather few examples of field theories
are known, however, for which the entanglement entropy can be computed
exactly. In 1+1 dimensional conformal field theories the replica technique
pioneered by Cardy and Calabrese [12, 8] provides an indispensable compu-
tational tool. These methods have also been extended to free field theories
in higher dimensions [13] and to interacting theories using the AdS/CFT
correspondence [9, 11]. For a variational approximation to the entanglement
entropy see [14].
The 2+1 dimensional quantum Lifshitz model is a continuum limit of the
dimer model [15, 16, 17] at the RK point (for a review see [18]) via a height
function [19, 20]. One of the remarkable properties of the model is that
its ground state wave functional is exactly known and that it has two-
dimensional conformal invariance. Therefore techniques of conformal field
theory are applicable and analytic calculations become possible; [21, 22, 23,
24, 25, 26, 27] demonstrated that the entanglement entropy for various ge-
ometries could be expressed and calculated in terms of the free energy of the
associated conformal field theory.
Correlation functions of a n dimensional interacting quantum field theory
are coinciding with the large equal-time correlation functions of an associ-
ated “dual” Lifshitz model in (n + 1) dimensions. This specific relationship
has been one of the central issues in stochastic quantization ([36], for reviews
see [37, 38]) and can be summarized as follows: One starts from a Euclidean
field theory model in n dimensions and introduces an ergodic stochastic pro-
cess possessing the n dimensional Euclidean path integral measure as its
unique equilibrium measure. The stochastic process evolves in an additional
time and is defined through a Fokker-Planck equation. Its drift force is taken
to be the negative variation of the n dimensional Euclidean action with re-
spect to the fields. Employing the Feynman-Kac formula for the positive
semidefinite Fokker-Planck Hamiltonian one is lead to a functional integral
of a field theory model - called dual Lifshitz model - in (n + 1) dimensions.
The partition function of the original n dimensional model is expressed as
the norm square of the ground state of the new (n+ 1) dimensional model.
The prototypical example of the duality of field theory models due to the
stochastic quantization scheme is the duality of a free scalar field and the
Lifshitz model. In recent years novel interpretations, applications and gen-
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eralizations of this duality were given (for reviews see [39, 40]), Lifshitz-type
models of gauge and gravity theories [41, 42] attracted great interest.
In this work we are interested in the field space entanglement entropy of quan-
tum field theories, which is obtained by integrating out a subset of its fields.
Various measures for entanglement as well as the formulation of holographic
entanglement entropy have been investigated in this context [28, 29, 30]. We
address the question to which extent the field space entanglement entropies
of quantum field theories and their Lifshitz duals are agreeing.
Specifically we compare the field space entanglement entropy of the dual
Lifshitz model associated to a model of two interacting massless scalar fields
on a compact and closed manifold M with the field space entanglement en-
tropy of the same model, yet defined on R×M . The ground states of these
two models are Gaussian wave functionals invariant under constant shifts
and thus are not normalizable. This is related to the existence of zero modes
of the Laplacian on compact and closed manifolds. In fact, zero modes rep-
resent gauge degrees of freedom, see [31] for a gauge theory interpretation
of zero modes in the discussion of the quantization of a massless scalar field
on S4. The - non gauge theory - role of zero modes for the geometrical en-
tanglement entropy is discussed in [32, 27, 33, 34] and for the field space
entanglement entropy in [28, 35].
It is our focus to carefully handle zero modes in field space entanglement
entropy. Instead of regulating ground states by ad hoc procedures for the
zero modes, we interpret these invariances as gauge symmetries and subject
the models to proper gauge fixing [43, 44].
The presence of gauge symmetries adds a subtle component to the construc-
tion of the dual Lifshitz model and its ground state, which we are going to
review in the following lines. Remind the origin of Lifshitz dual models, which
is lying in the Fokker-Planck formulation of stochastic quantization. Parisi
and Wu [36] proposed stochastic quantization without gauge fixing terms.
Since the pure action of the gauge model remains invariant under gauge
transformations, the associated drift force acts orthogonally to the gauge or-
bits. As a consequence unbounded diffusion along the orbits takes place and
a Fokker Planck formulation is not possible. In the approach of Zwanziger
[45] the drift force of the stochastic process is modified by the addition of a
gauge fixing force tangent to the gauge orbits. This provides damping for the
gauge modes’ diffusion along the orbits leaving unchanged all gauge invariant
expectation values. Zwanziger’s gauge fixing force, however, intrinsically is
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non-conservative and generally cannot be accomodated in an action formal-
ism required for the Lifshitz model construction. Eventually, the stochastic
quantization approach could be generalized [46, 43] by specifying a drift force
which not only has tangential components along the gauge orbits but where,
subsequently, also the Wiener process itself is modified. Expectation val-
ues of gauge invariant observables again remain untouched. With [46, 43]
a well defined Fokker-Planck formulation with normalizable ground state is
obtained and the corresponding Lifshitz model can be derived in a consistent
way. As a consequence the issue of comparing field space entanglement en-
tropies of quantum field theories and of their Lifshitz duals can be addressed.
For massless scalar fields the naive set up of a dual Lifshitz model fails in the
first step due to the gauge invariance of the model. A consistent formulation
is presented in section 2 after the proper discussion of gauge symmetries and
gauge fixing.
In section 3 we construct the regularized ground state associated to the mass-
less scalar field model in the Hilbert space of the entire system, whose inner
product is given by integration over all scalar fields. In order to obtain a
normalizable ground state, we modify the Lagrangian of the massless scalar
field model by adding the same gauge fixing term as in section 2.
By applying the heat kernel regularization we can show in section 4 that
the field space entanglement entropies of the massless scalar field model and
of its Lifshitz dual are agreeing.
2 Regularized ground state of the dual Lif-
shitz model
Let M be a compact n dimensional closed manifold and consider the action
functional of coupled massless real-valued scalar fields φ1(x), φ2(x) on M
SM(φ1, φ2) =
1
2
ˆ
M
dvol(x) [φ1△Mφ1 + φ2△Mφ2 + λφ1△Mφ2] (1)
where λ is a coupling parameter. Let F denote the configuration space of
the fields. To this model in a first step we associate a dual Lifshitz model
[36, 37, 38, 39, 40], such that its ground state, called Lifshitz ground state,
is given by
Ψ˜Lif0 (φ1, φ2) = N e
− 1
2
SM (φ1,φ2), (2)
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where N should be a normalization constant. It is well known, however, that
e−
1
2
SM (φ1,φ2) is not normalizable due to the invariance of SM(φ1, φ2) under
constant shifts (φ1, φ2) 7−→ (φ1+ c1, φ2+ c2). We interpret this invariance of
the Lifshitz ground state as being associated to the gauge transformation
F × R2 7−→ F (φ1, φ2, c1, c2) 7−→ (φ1 + c1, φ2 + c2). (3)
Hence the quotient FupslopeR2 is the true configuration space of the coupled
system giving rise to the trivializable principal R2-bundle F 7−→ FupslopeR2,
with trivialization
ω(φ1, φ2) =
1
VM
(
ˆ
M
dvol(x)φ1,
ˆ
M
dvol(x)φ2) = (Π(φ1),Π(φ2)), (4)
where VM =
´
M
dvol(x) is the volume of M , and Π is the projector onto the
constant parts of the scalar fields. In fact, the space FupslopeR2 of the physical
degrees of freedom can be identified with the space of pairs of non-constant
scalar fields.
Evidently ω fulfills ω(φ1 + c1, φ2 + c2) = ω(φ1, φ2) + (c1, c2) (see [43, 44]
for further details, and [31] for a BRST approach).
As outlined in the previous section we interpret the Lifshitz model as be-
ing associated to the Focker-Planck Hamiltonian arising in the stochastic
quantization of the gauge model of massless scalar fields (1). Following the
general procedure in [46, 43, 44] the underlying stochastic process has to
be adapted judiciously, according to the choice of a gauge fixing function
(w∗Sgf)(φ1, φ2). The gauge invariant action S
M(φ1, φ2) then is replaced by
the gauge fixed total action SMtot(φ1, φ2), which is to be used for the proper
definition of the Lifshitz model.
For the gauge fixing function we choose
Sgf(c1, c2) =
µ
2
(c21 + c
2
2 + λc1c2), (5)
which for µ > 0 and −2 < λ < 2 is normalizable. Thus we arrive at a gauge
fixed total action
SMtot(φ1, φ2) = S
M(φ1, φ2) + (w
∗Sgf )(φ1, φ2)
= 1
2
´
M
dvol(x) [φ1D
Mφ1 + φ2D
Mφ2 + λφ1D
Mφ2],
(6)
where we introduced DM = △M + µ
VM
Π. The Laplacian △M has discrete
spectrum
0 = ν0(△M) < ν1(△M) ≤ ν2(△M) ≤ ... −→∞, (7)
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where each eigenvalue appears the same number of times as its multiplicity.
Let χMα denote the orthonormal basis of eigenfunctions of △M such that
△MχMα = να(△M)χMα . (8)
Then χMα are also eigenfunctions of D
M with the eigenvalues
DMχMα = να(△M)χMα +
µ
VM
δα0χ
M
α . (9)
The strictly positive spectrum of DM reads
Spec(DM) =
{
να(△M)|α6=0, µ
VM
}
. (10)
With respect to the orthonormal basis
{
χMα
}
we rewrite
φ1 =
∑
α
φ1,αχ
M
α , φ2 =
∑
α
φ2,αχ
M
α . (11)
Thus instead of (2) we define the regularized Lifshitz ground state with re-
spect to the gauge fixed total action (6) by
ΨLif0 (φ1, φ2) =
∏
α6=0
ΨLif0 (φ1,α, φ2,α)Ψ
Lif
0 (φ1,0, φ2,0), (12)
where
ΨLif0 (φ1,α, φ2,α) = Ne
− 1
4
να(△M )(φ21,α+φ22,α+λφ1,αφ2,α), (13)
as well as
ΨLif0 (φ1,0, φ2,0) = Ne
− 1
4
µ
VM
(φ21,0+φ22,0+λφ1,0φ2,0). (14)
3 Regularized ground state of the massless
scalar field model
As a next step we construct the ground state associated to the massless scalar
field model SM(φ1, φ2). It will be convenient to define this model on R×M
by the action functional
SR×M =
ˆ
R
dt LM(φ1, φ2, φ˙1, φ˙2) (15)
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with
LM (φ1, φ2, φ˙1, φ˙2) =
1
2
ˆ
M
dvol(x) [φ˙1
2 + φ˙2
2 + λφ˙1φ˙2] + S
M(φ1, φ2). (16)
This system, like the dual Lifshitz model before, admits the gauge symmetry
(3) under constant shifts. A straightforward Hamiltonian analysis following
the Dirac constraint quantization approach [47, 48] shows that the corre-
sponding physical states are wave functions Ψ˜(φ1, φ2) which are constant
under the field transformations (3). The ground state is
Ψ˜0(φ1, φ2) = N e
−S˜(φ1,φ2). (17)
where
S˜(φ1, φ2) =
1
2
ˆ
M
dvol(x) [φ1
(△M) 12 φ1 + φ2 (△M) 12 φ2 + λφ1 (△M) 12 φ2].
(18)
Since the ground state is constant along the gauge orbits, it is not normal-
izable with respect to the Hilbert space of the entire system whose inner
product is given by integration over all scalar fields. In order to obtain a
normalizable ground state, we modify the Lagrangian (16) by adding the
same gauge fixing term (w∗Sgf)(φ1, φ2) as before. Hence the system remains
unchanged along the physical degrees of freedom and we get
LMtot(φ1, φ2, φ˙1, φ˙2) =
1
2
ˆ
M
dvol(x) [φ˙1
2 + φ˙1
2 + λφ˙1φ˙2] + S
M
tot(φ1, φ2). (19)
The mode expansion on M leads to the regularized ground state
Ψ0(φ1, φ2) =
∏
α6=0
Ψ0(φ1,α, φ2,α)Ψ0(φ1,0, φ2,0), (20)
where
Ψ0(φ1,α, φ2,α) = Ne
− 1
2
(να(△M ))
1
2 (φ21,α+φ22,α+λφ1,αφ2,α), (21)
as well as
Ψ0(φ1,0, φ2,0) = Ne
− 1
2
(
µ
VM
) 1
2 (φ21,0+φ22,0+λφ1,0φ2,0). (22)
The modified ground state agrees, when restricted to the physical degrees of
freedom, with the ground state (17,18) of the original system. Its essential
effect is to provide an integrable contribution along the gauge orbits and
thus, like in the dual Lifshitz model, gives a well defined state in the full
Hilbert space.
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4 Entanglement entropy
So far we provided the mode decompositions of the regularized ground states
for the two considered scalar field models. Each mode contributed in a similar
way
Ψα(φ1,α, φ2,α) = Ne
−cα(φ21,α+φ22,α+λφ1,αφ2,α), (23)
where the positive constants cα can be found in the equations of the previous
sections (their values are irrelevant for the calculation of the entanglement
entropy, however). The ultimate calculation of the field space entanglement
entropy is quickly done: A simple analysis along the lines of [49, 50, 51,
28] tells us that each mode’s contribution is governed by the eigenvalues
{λ1, λ2} of the quadratic form cα
(
φ21,α + φ
2
2,α + λφ1,αφ2,α
)
. These eigenvalues
are simply {λ1,α, λ2,α} =
{
cα
2−λ
2
, cα
2+λ
2
}
and one calculates the auxiliary
quantity
ξα =
(√
λ1,α −
√
λ2,α√
λ1,α +
√
λ2,α
)2
= −−8 + λ
2 + 4
√
4− λ2
λ2
, (24)
which is independent of α, independent of cα, independent of the gauge
fixing parameter µ and is equal for the scalar field model and its Lifshitz
dual. Finally one obtains for each mode - also the zero mode - an equal
contribution s to the field space entanglement entropy
sα = −log(1− ξα)− ξα
1− ξα log(ξα) = s. (25)
We perform the heat kernel regularized sum over all the contributions of the
modes
Sreg(t) =
∞∑
α=0
sαe
−t να(△M ) = s
∞∑
α=0
e−t να(△
M ). (26)
Using the asymptotic expansion for the heat kernel of the Laplacian, we
finally obtain for the regularized entanglement entropy
Sreg(t) ≃ s
∞∑
k=0
ak(△M)tk−n2 , tց 0 (27)
where ak(△M) are the Seeley coefficients [52] of the Laplacian on M . Since
a0(△M) = (4pi)−
n
2 VM (28)
one thus arrives at the field space entanglement being proportional to the
volume of M [28, 29, 30].
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Concluding, we have shown that the field space entanglement entropies of
the massless scalar field model and of its Lifshitz dual are agreeing.
5 Outlook
It seems interesting to adapt our present calculation for the case of self in-
teracting scalar fields along the lines of [14].
In a forthcoming publication, we will present calculations of the field space
entanglement entropy in the case of a gauge model with Gribov ambiguities
[53].
Acknowledgments
We thank Harald Grosse, Daniel Grumiller and Beatrix Hiesmayr for valuable
discussions.
References
[1] R. Horodecki, P. Horodecki, M. Horodecki, K. Horodecki, Quantum en-
tanglement, Rev. Mod. Phys. 81(2), 865 (2009).
[2] M.A. Nielsen, I.L. Chuang, Quantum Computation and Quantum Infor-
mation (Cambridge University Press, New York, 2010)).
[3] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Entanglement in many-
body systems, Rev. Mod. Phys. 80, 517 (2008).
[4] P. Calabrese, J.L. Cardy, and B. Doyon Eds, Entanglement entropy in
extended quantum systems, J. Phys. A 42 500301 (2009).
[5] J. Eisert, M. Cramer, and M.B. Plenio, Area laws for the entanglement
entropy, Rev. Mod. Phys. 82, 277 (2010).
[6] N. Laflorencie, Quantum entanglement in condensed matter systems,
Phys. Rep. 643, 1 (2016).
[7] P. Calabrese, J.L. Cardy, Entanglement entropy and quantum field the-
ory: a nontechnical introduction, Int. J. Quant. Inf. 4, 429 (2006).
9
[8] P. Calabrese, J.L. Cardy, Entanglement entropy and conformal field the-
ory, J. Phys. A A42, 504005 (2009).
[9] T. Nishioka, S. Ryu, T. Takayanagi, Holographic entanglement entropy :
an overview. J. Phys. A42, 504008 (2009).
[10] M. Van Raamsdonk, Lectures on gravity and entanglement (2016), in
Proceedings of the 2015 Theoretical Advanced Study Institute in Ele-
mentary Particle Physics (World Scientific Publishing Co.) pp. 297.
[11] M. Rangamani, T. Takayanagi, Holographic Entanglement Entropy, Se-
ries: Lecture Notes in Physics, Vol. 931(2017)).
[12] P. Calabrese and J.L. Cardy, Entanglement entropy and quantum field
theory, 2004 Journal of Statistical Mechanics: Theory and Experiment
2004 P06002.
[13] H. Casini H and M. Huerta, Entanglement entropy in free quantum field
theory, 2009 Journal of Physics A: Mathematical and Theoretical 42
504007.
[14] J. Cotler, M.T. Mueller, Entanglement Entropy and Variational Meth-
ods: Interacting Scalar Fields, Annals of Physics 365 (2016) 91.
[15] D S Rokhsar and S.A. Kivelson, Superconductivity and the quantum
hard-core dimer gas, 1988 Physical Review Letters 61 2376.
[16] R. Moessner and S.L. Sondhi, Resonating valence bond phase in the
triangular lattice quantum dimer model, 2001 Phys. Rev. Lett. 86(9)
1881.
[17] R. Moessner, S.L. Sondhi and E. Fradkin, Short-ranged rvb physics,
quantum dimer models and ising gauge theories, 2002 Phys. Rev. B 65(2)
024504.
[18] R. Moessner and K.S. Raman, 2011 Quantum dimer models Introduction
to Frustrated Magnetism (Springer), pp 437.
[19] C.L. Henley, Relaxation time for a dimer covering with height represen-
tation, 1997 Journal of Statistical Physics 89 483.
[20] R. Kenyon, Dominos and the Gaussian Free Field, 2001Annals of prob-
ability 1128.
10
[21] E. Fradkin and J.E. Moore, Entanglement entropy of 2D conformal
quantum critical points: hearing the shape of a quantum drum, 2006
Physical Review Letters 97 050404.
[22] B. Hsu, M. Mulligan, E. Fradkin and E.A. Kim, Universal entanglement
entropy in 2D conformal quantum critical points, 2009 Physical Review
B 79 115421.
[23] J.M. Stephan, S. Furukawa, G. Misguich and V. Pasquier, Shannon
and entanglement entropies of one- and two-dimensional critical wave
functions, 2009 Physical Review B 80 184421.
[24] E. Fradkin, Scaling of entanglement entropy at 2D quantum Lifshitz fixed
points and topological fluids, 2009 Journal of Physics A: Mathematical
and Theoretical 42 504011.
[25] M. Oshikawa, Boundary conformal field theory and entanglement en-
tropy in two- dimensional quantum Lifshitz critical point, 2010 arXiv
preprint arXiv:1007.3739
[26] M.P. Zaletel, J.H. Bardarson and J.E. Moore, Logarithmic terms in en-
tanglement entropies of 2D quantum critical points and Shannon en-
tropies of spin chains, 2011 Physical Review Letters 107 020402.
[27] T. Zhou, X. Chen, T. Faulkner and E. Fradkin, Entanglement entropy
and mutual information of circular entangling surfaces in the 2 + 1-
dimensional quantum Lifshitz model, 2016 Journal of Statistical Me-
chanics: Theory and Experiment, 2016/093101.
[28] A. J. Mollabashi, N. Shiba and T.J. Takayanagi, Entanglement between
two interacting CFTs and generalized holographic entanglement entropy,
JHEP (2014) 2014: 185.
[29] M.R. Mohammadi Mozaffar and A. J. Mollabashi, On the entanglement
between interacting scalar field theories, JHEP (2016) 2016: 15.
[30] M.J. Taylor, Generalized entanglement entropy, JHEP (2016) 2016: 40.
[31] A. Folacci, Zero modes, Euclideanization, and quantization, Phys. Rev.
D46 (1992) 2553.
[32] K. Mallayya, R. Tibrewala, S. Shankaranarayanan and T. Padmanab-
han, Zero modes and divergence of entanglement entropy, Phys. Rev.
D90:044058 (2014).
11
[33] Y. K. Yazdi, Zero modes and entanglement entropy, JHEP 04 (2017)
140.
[34] I. Klich, D. Vaman and G. Wong, Entanglement Hamiltonians for Chiral
Fermions with Zero Modes, Phys. Rev. Lett. 119, 120401 (2017).
[35] M. R. Mohammadi Mozaar and A. Mollabashi, Entanglement in Lifshitz-
type quantum field theories, arXiv:1705.00483 [hep-th].
[36] G. Parisi and Y.-S. Wu, Perturbation Theory Without Gauge Fixing,
Sci. Sin. 24 (1981) 483.
[37] P.H. Damgaard and H. Hu¨ffel, Stochastic quantization, Phys. Rep. 152
(1987), no. 5-6 227–398.
[38] M. Namiki, Stochastic Quantization, Springer-Verlag, Heidelberg, 1992.
[39] E. Ardonne, P. Fendley, and E. Fradkin, Topological order and conformal
quantum critical points, Annals Phys. 310 (2004) 493.
[40] R. Dijkgraaf, D. Orlando, S. Reffert, Relating field theories via stochastic
quantization, Nuclear Physics B, 824, 2010 365.
[41] P. Horava, Quantum criticality and Yang-Mills gauge theory,
Phys.Lett.B694:172, 2010.
[42] P. Horava, Quantum gravity at a Lifshitz point, Phys. Rev. D79 (2009)
084008.
[43] H. Huffel, G. Kelnhofer, Generalized stochastic quantization of Yang-
Mills theory, Ann. Phys. NY. 270 1998 231.
[44] G. Kelnhofer, Abelian gauge theories on compact manifolds and the Gri-
bov ambiguity, J.Math.Phys. 49 (2008) 052302.
[45] D. Zwanziger, Covariant quantization of gauge fields without Gribov am-
biguity, Nuclear Physics B, 192, 1981, 259.
[46] H. Huffel, G. Kelnhofer, Nonperturbative Stochastic Quantization of the
Helix Model, Ann. Phys. NY. 266 1998 417.
[47] P.A.M. Dirac, Generalized Hamiltonian dynamics, Can. J. Math. 2,
(1950) 129.
[48] P.A.M. Dirac: Lectures in Quantum Mechanics, Dover Publications,
Mineola (New York), 2001.
12
[49] L. Bombelli, R. K. Koul, J. Lee and R. D. Sorkin, A quantum source of
entropy for black holes, Phys. Rev. D 34 (1986) 373.
[50] M. Srednicki, Entropy and area, Phys. Rev. Lett. 71 (1993) 666.
[51] C. G. Callan, Jr. and F. Wilczek, On geometric entropy, Phys. Lett.
B333,55 (1994).
[52] P.B. Gilkey, Invariance theory, the heat equation and the Atiyah-Singer
index theorem, 2nd ed., Studies in advanced mathematics, CRC Press
Inc. (1994).
[53] H. Hu¨ffel and G. Kelnhofer: Field Space Entanglement Entropy and the
Gribov Ambiguity (to appear).
13
